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Abstract : In this paper, we discuss Jaccobian independent varibale functions as
well as Theorem related to independent variables..

1. Intoduction

Transformation is one of the operator which converts a mathematical
expression into different form by using this method to solve simple way problem. It
is powerful tools in treating various problems. Fourier transforms and integrals are
useful in B.V.P.arising in Science as well as field of engineering. Jaccobian and
independent variable has important role in the field of fourier transform.

1. Definition :

Let u,uy,tlyyeecnnenne. u, be the functions of n variables x,x,,............. ,x then
the determinant
Ou, Ou, Ou, ou,
o v, g a
Oou, Ou, Ou, Ouy
ox, ox, ox, ox,

Ou, Ou, ou, ou,
ox, Ox, Ox, ox

n

Oou, Ou, ou, ou,

ox, Ox, Ox, ox

is called the Jacobian of u,,u,,u,,............. u, with respective t0x;,X,,...c..c..... 3 X, -
Generally we can write
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2. Definition :

Let V,V,, Voo V. be the functions of m variables x,,x,,............. ,x, then
the determinant
o, av. an v
o ax, o @
ov, aor, v, ar,
ox, ox, ox, ox,

ov, oV, ov, ov,

ox, Ox, Ox, ox

m

is called the Jacobian of V,V,,V,,............. V. with respective t0 X, X,,...cc.cc..... 3 X, -
Generally we can write

If u,v,w are functions of three independent variables w.r.t. x,),z is

o u
ox oy Oz
o(u,v,w) |0V oV oV

ox,y,z) |ox oy oz

ow ow ow

ox 0oy Oz
Theorem (3.1) : If V,V,,Vieeoennnn. V are functions w,w,,........ ,w, and
Wi Wy ,w, are the functions of x,,x,,............. ,x, then
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Proof : Suppose that V,V,,V;,............. V are functions of w,w,,............ ,w_and
Wi Wy gerenenenennn ,w,~are functions of x,,X,,....c........ ,x, then

81/1_81/1.8w1+81/1‘8w2+ +6Vl'6w

ox, - ow, 0Ox;, Ow, Ox ow,  Ox
aw 6x1

_(’51/1_('91/1_(’%1/1+8Vlﬂw2+ +8Vl‘%

.......

Ox, Ow, Ow, Ow, Ox, ow, Ox,

..........................

..........................

OW, Wyeeveetu W ) O(X[5Xsuueeeny X,

Foon o |ew o om
ow, ow, ow | |ox, ox, ox,,
Woon | |w aw ow
ow, ow, ow| |ox, ox, Ox,
= X

ov. oV, ov. | |ow, —ow, ow,,
ow, ow,  ow/| |ox, o, < ox,
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S O e VO 3o
ow; 0Ox ow, 0x, dy, 0x,
3O O 5V O y o O
ow,; 0Ox, ow; 0Ox, dy, 0x,
S O 5Oy Ny O
ow; 0x ow, 0x, ow; 0x,
o o N
ox,  ox, ox,,
o, o o
ox, ox, OX,

ov. oV ov

ox, ox,  ox,
Theorem 3.2: If V,V,,V,,...c..c...... V.and y, ¥, ,y, are mplicity connected
by m equations as :
FLV VoV |20 T R ,v,)=0
VsV Ve |0 0% 2SR ,v,)=0
LV Vo Ve V V1> Vaseereerneeann. ,,)=0
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OS5 Srseeeen fu) OV Vo5l V)
O(UyyUyecstt,) O(X5 Xyueeenny X))
— -1y O(fs [rseeens [))

O(x, X, ...... X,)

Proof : Differentiating the above the given releations with respect to

b D N , X, We set
8f1+8ﬁ.8Vl+6f1‘8V2+ +%-
ox, oV, ox, oV, Oox oV, ox
x1 ow; 8x1
SO o
ow; Ox;
SO o
ow; 0Ox, 0Ox,
of, ou, =0,
and Z ou, Ox, Ox,
O(f1s frseeee ,fn)xa(wl,wz, ..... w,)
Now
oV, VoV )  0(x,x,...... X,)
L/ U
ov, oV, ov,| |ox, oOx,
AR R 3 U
ov, oV, ov,| |ox, Ox
o ¥ dlln o
ov, oV, ov.| |ox, Ox,

W,

o
Ox

ov,
Ox

oV
Ox
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> o5 o 3% 2
ow; 0Ox ow; 0Ox, ow, 0Ox,

Z%.% Z%.% Z%_awj

ow; 0Ox ow., ox,

J

Zafn.awj Zafn'aWj Zéf’“éwj

_aﬁ _aﬁ ccccc _aﬁ
ox,  0x, ox,
_aﬂ _aﬁ ccccc _aﬁ
ox,  Ox, ox,
| . . : :(_l)na(fl,fz, ..... J))
: : : . O(X;, Xy seeens X))
—d, =9, 4/,
ox, ox,  0x,
Theorem 3.3: If V,V,,V,,............. V' be functions of independent variables
XpsXyseeeerannnnne X, I VLV Ve V' )=0if and only if
OV, V) Ve Vm)_0
O(X[5 X5 Xy peeerneeannn X,)
Proof : Suppose that f(V,,V,,V;,coenee. V)=0...... (1)
Differentiating (1) w.r.t. variable X;,Xp,............. ,X,, then

L A A
ov, ox, JdV, ox oV, ox
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8f.8V1+8f-8V2+m+ af-eu":O
ov, ox, oV, ox oV, ox,
8f.8V1+8f-8V2+m+ af-aV":O
ov, ox, oV, ox, oV, ox,
TR A g
Now to eliminate oV ov,” oV, then
o " v,
ox, ox, ox,
oo v,
ox, ox, ox,
= = 0
oo v,
ox, ox,  ox,
OV, VoV V.)
1.e. =0
O(X[5 X5 Xy yeeerneeannn. X,)
OV, VoV V’”)—O
converely, suppose that O(X), X5, X5 eueeneennns x,)
then we have to prove that f(V,,V,,V;,.cccouennn V' )=0. The equation connecting
Vi VoV V. oand x,,X,,.ccccueenn. ,x, are always capable, by eliminating of being

transformed into the following form
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oF oF,  @F,
| ox o, ox.
IV eV ) =(=1)" oF, oF, oF
VA A o
But J(V,,V,, Ve V.)=0
OF, OF, OF, _0
ox, ox, oV,
OF,
..—~L=0for same value of j, 1<;<m
Ox;
CF (XXX, VGV V) =0

ie. F,,,=0,..,F =0

4. Transformation of A%

We know that
oV oV oW
o o T A @.1)

If x=rcosf,y=rsinf,then we know

82V+82V _an+ lov 10V

= — +—
ox> oy o ror r oo’ (4.2)
2 2 2
The operator > stands for 0 -+ 0 -+ 0 5
ox~ oy oz
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The transformation formulae are as follows:-

x=rsinfcos¢ If rsinf =u,
y=rsinfcos¢  then X=ucosg,
z=rcos6 y=using.

By (4.2)

o oV oV 1oV 10V

+ +——
ox*> oy out ror u o¢’ (4.3)
Where z=r cos6
u=rsinb,
82V+82V_82V+18V+i821/ 44
oyt o022 o' ror roe’ 4.4)

Additing (4.3) and (4.4), we get

82V+82V+82V+82V_62V+18V+L62V+62V+16V+LOZV A
ox> oyt o0z° oul out uou u o> o ror r 00 (4.5)

We know that
v _ov ar ov o0
ou Or ou 00 ou
z=r cos0 u=rsin0,

r=4(z*+u’), @:Lzsinﬁ
ou J(EZ+u)

0 tan' % .00 z  cosb
z’ Cou ut+z? r
a—V:siné?a—Vntlczosé?a—V
ou or r 00
) 1[61/] 1oV 1 oV
1.€. —| —|=——=—+ —cotd —
u\ ou r or r 00
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Substituting this value in (4.5), we get

o o oV 20V 1 oV 10 o 10V 10V
Tt o at o T Attt S e S s
ox° oy 0z ror r 00 wu 0¢° oOr" r-or r° o0

oV 20V 10V 1 oV 1 oV
=——t——+5—5+t5cotld—+—5— 5
or- ror ro0 r 00 rsin” 0 0¢

o’V oWV oWV oW 20V 10V 1 oV 1 oV
Sttt =5 t——t+5 5 t5cot0—+—5— 3
ox~ oy~ 0zo or ror r o0 r 00 r°sin” 0 0¢

Example

1 22
DIfw’ +v =x+y, u”+v =x"+)°, show that Owy) 1y =—x

o(x,y) 2 uv(u-v)

Sol" : Given

w+v =x+yand v’ +v =x"+y’
Suppose fi=u’+vV —x-y=0

= +vV =x' =y =0

0uy) o Oty . Oty
Now e - Y By T dww)

—_

9 G o o
|ox oy |ou  ov

o 9 |9 9%
ox Oy lou  ov|

-1 =1 Bu® 3| (3)°-3x)
=3x7 =3y | 2u 2v| 6(uiv—4v7)
17 =x)
2uv(u —v)
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[F(A+a)+ F(A—-a)]

1
2

2) Ify = x+y,v: y+z,W:y(x+—y+z) Show that u,v,w are not indepndent and
z X Xz

find the relation between them.

Sol" : Given y=>12 ,-Y*Z W:)’(XJF—)“FZ)

b b

z X Xz
¥y ¥ ¥
ox 0oy Oz
PO U800 W I
o(x,y,z) |ox oy Oz
aw o ow
ox 0oy Oz
1 1 (x+y)
z z z°
| =r+2) 1 1
x’ X X
~(y*—yz) x+2y+z —xp—)°
Xz Xz Xz
Taking Lz,—z,ﬁcommon from R,R,,R, then
zZ2 X Xy
| z z —(x+y)
Jw,v,wy=——= —(y+2z) X X
X'z

~(V’z+2'y) Xz+2xyz+xz2° —(X*y+xp°)

C,—>C,—C,and C,—C,—C, then
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| z z —(x+y+2)
Ju,v,wy=——| —(y+2) (x+y+2) (x+y+2)

—yz(y +2) z(x2 + y2 +2xy + z? (x+y) —xy(x+y)+yz(x+2)

| z 0 —(x+y+2)
:x4 | —(y+2) (x+y+2) (x+y+2)
—yvz(y+2z) z(x+y)+(z+x+y) (x+y+2)+(yz—x))

z 0 -1
2
X+y+z
:% —(y+72) 1 1
—yz(y+z) z(x+y) (yz—xp)
z 0 -1
(x+y+z)°
—y2+yzz+yzz—xyz z(x+y) (yz—xp)
(x+y+z) O —y 1
x'z* —yz(x+y) z(+y)
(x+y+2)’

S D[z )+ yz(x+ )] =0
Since Jacobian function J=0. Therefore the given functions are not independent.

xy+y2+yz+zx_y(x+y+z)

Now, wuv= +1=w+l1

zX XZ

.uv=w+1 1s required relation between them.

’u ou du 1du
+ = +——

3) If u is a function of r alone, when r* = x> — »* show that — == —
ox~ oy or" ror

Sol" : rr=x—-y’ (D
2r£:2x:>£=f
dx dcx r

ou_ou or_xu ;

Oox Or Ox ror (2)
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9 _x0
ox ror

Bu_o (o) xo(xtn)
ox*  ox\ ox ror\ror

Lo, 22100
rox r or\ror

1ou x*ou x*du
= G

ror ror r_zﬁ
Similarly

P e B (4)

Taking addition of (3) and (4) then

azu azu _1 au 2 2 1 azu 2 2

—t—=——(x =y )+ 5 —(x" -

o> oyt 8r( 4 ) 2 8r2( 4 )
16u+8zu hich i red soluts

=———t— ich is requir 1on.
PP which is required solutio
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