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Abstract

In this paper we discuss Some solutions of difference Equations and Difference inequalities in
fixed point theory

INTRODUCTION. :

Difference Equation is a relation involving differences, It is also known as recurrence relation.
Application of difference equation in many branches such as Social Science, Economics, Dairy science,
Agriculture etc.

SOME DEFINITIONS:
a) Difference operator :
Let y(K), be a function real or complex variable k. Difference operator A is defined as

A y(k) = y(k+1) - y(k)

e.g. let y(x) = x?

y(x+1) = (x+1)°

Ay(x) =(x+1)?- x* = 2x+1

Fixed Point:-
Let X be any non-empty set. The function

F: X — X is defined as f(x) =x, X € X

It is known as fixed point in x.
Lipschitzian:- suppose (X, d) be any metric space.

A function f: X— X is said to be lipschitzian if there exists a constant o« > 0 such that

d (F(x), F(y)) <o« d(x,y) . forall x,y € X (D)

The smallest o« for which (1) hold it is said to be lipschitzian constant for f. it is denoted by L.

i) If L< 1 then fis called contraction.

i) L = 1 then f is called non expansive.

Theorem 1: let (X, d) be a compact metric space
With F : X — X satisfying
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d(F(x), F(y)) < d(x,y), forallx,yeXandx#y

then F has a fixed point in X.

Proof: let us suppose that x, y € X. by definition of

Fixed point F(x) = xand F(y) =y

~dxy) = d(F®),F(y) = Ldxy)
=>dixy) =0
SX=y
Now to prove existence of the map x — (%, F(x)) attains
its minimum say x, € X.by def™ F(x,) = x,
d (F(FGx0)), F(x0)) < d(FCxo), %0)
This is not done. Our supposition is wrong
~F has a unique fixed point in X.
Theorm2:

let C be a non empty, closed and bounded convex set in a (real) Hilbert space H. then
each non expansive map F: C — C has at least one fixed point.
Proof: - Suppose C is a non empty, closed, convex subset of a normed linear space E
Let O € C for any x5 € C such thatx, =0
Assume that F(0) # 0. For each n=2,3.....
Now

Fo=(1-2), F:CoC

Is contraction by theorem 1 then there exists a unique point x,, € C such that
1
Xp = Fn(xn) = (1 - H) F(Xn)

ie. lIxn = FO)I| = Il < 1 8(0).

Where &(c) is diameter of C. forn e {2,3, ...}

1
Qu ={xeCs Ix—Fll < -8}

Q= {xeCs Ik~ Il <55(0)]

Qs = {xeCs Ix—FIl <35(0)]

WwWw.ijtre.com Copyright 2020.All rights reserved. 81



International Journal For Technological Research In Engineering
Volume 7, Issue 8, April-2020 ISSN (Online): 2347 - 4718

1
Q= fxeC: Ix=FGIIl <7500}

i£.Q,2Q:;2Q,....2Q, 2

is a decreasing sequence of a non empty closed set
d, = inf{||x]| : xe Q, } and

Q, is a decreasing then

d, <d<d4.... <d, < - with d; < 8(c)
Foreachi € {2,3,...}

Consequently d,, = d withd < 6(c)

Now A, = Q8n*n B(0,d +-)

Where B (0,d+2) ={xeH: [Ix <d+3}
A, is decreasing sequence of closed non empty set
Now we have to prove that lim,_,., 6(A,) = 0

Let u,v € A, then by theorem
lu—oll<d+= and [v-oOll<d+= ... (1)  butu,veQ8n? then
1 1
lu-Fll<5z8)  and  Ilv=FWIl <5580
We knew the fact H is a Hilbert space and C < H be a bounded and F : C - C a non expansive

map. Suppose x € C, y € C there exist a point a such that a = % eC=lla—F@)ll < 2Ve25(c)

”uJer_F(qurv)” <2250 %6@ =%6(C)

u+v

- €eQ, and

u+v
2

—0f| 2 dy i @)

We know the fact. “H is a Hilbert space with u,veH and r,R be a constant with o <r <R it

there exists x e Hwith |l[u — x|| <R ; |l[v—x|| < Rand uzﬂ — x” >r
Then
lu—v||<2vRZ—-r2 3)

By (1), (2), (3) we conclude that

1 1 1
||u—v|| S2\/(d+ﬁ)2_d%:2\/d2+dﬁ+ﬁ_d%
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2d 1
8(A,) < 2\/—+—2+ (d2 —d3)
n n
Therefore, lim,_,., 6(A,) =0

By contor’s theorem (Applied{A, }n=2)

Guarantees and existence of xy € N, A,

X € ﬂ Q8n?
n=2

ko = Fxo)ll < 32 (foraline (2,3, ..))
2 Ilxo = F(x0)1I=0
Hence the proof
Example:-

Let H be a bounded, closed, convex subset of uniformly convex Banach space X and
F : H — X be a non expansive map with

Inf {||x — F(x)||: x e H} = 0 show that F has a fixed point in H.
Solution:-

Suppose F : H — X be a non expansive map then there exists {u,}, {v,} in H such that

Xp = e H; 1z — F(zn)l < 2v/€/25(H)

lim,|lu, — F(uy)|l =0 and limLellvy — F(vp)Il[ =0
By theorem
u+v u+v
S-F ()

[=5ae

d, = inf {|lx — F&®)||:x € Qp}
Where Q, = {x e H: [Ix — FGOIl < 25(H)}

||u+v
2

, 1
lu—v]l <2 (d+ﬁ)2_d‘2‘

2d 1 .
8(An) < 2 |+ — (d* —df)

“o]=e,

lim,_, 8(A,) =0 (By contor’s theorem)
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(o]
Xg € n A,
n=2

{lIx—F®)I|:xeH}=0

= x = F(x) itis fixed point in H.
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